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§Wyqsm«ðlone{|y\©n|y{|_lone{
'n|_^vNj ¶;hk_C©neqsruÑW¨ u¸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b» hk_L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ºc_Q{|ruArNle_Â
wMy\uMneq¥n|'n|q¥N_^ru]`\~{|qxlorN¢pA_nºc_^_L¡n|Y_¯ ~\½n|Y_³	´ ]`_^neYrml"£±ru{`lo]¦ut¥tmqxlo\tsN_^]`_LNn
l^¨
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Ákn¦{|_Lle_^Mn¦loqs]"ytx'n|q¥rN\l`qsMNrutskq¥v¢rNNn
unUºq¥neY Â{eqsvuqx¤lone{
~qsvuYMn`ºcut¥t~W Âne_ClnLule_
]`q¥Ámq¥v¦¯ ~\³´0¨
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Ω
pW_  ~´ ru]¦~qs¨ ³rN{UneY_¹]`ru]`_LNnC¿
Ω
qsl¦Nleley]`_L¤ner½pA_ Ê Ám_L ¶±qs hk_Lneqsru Îm¨ Ñ¿cº/_
ºqststªloY\r'º-ky]`_^{|qsL~tleq¥]0yts~neqsru\l`ºq¥neY ¢n|q¥]`_ m_LW_L\m_^Mn
Ω
¸¨  _ ^ru\leqxm_^{UneY\_¹§\r'º ru£®u
Y\ru]`ruvN_^_Lruy\lL¿~kqsl|rNy\lu\¦qs\rN]`{e_Cleleqspt¥_§\yqxqs
Ω
~{|ruyW¦~¦_^txuloneqx'ut¥N_t¥rmL'ne_C¦ruCHL´
]¦uq°£±rNts
Σ(t)
¨XZY\_§\yqx mrN]`uq¥Qqslm_ Ê \_L Nl
ΩF (t) = Ω \ Σ(t)
¨ªXZY_0vur'N_^{|q¥\vU_CwMy\'n|q¥rN\l
u{e_neY\_ln
~\u{|qs\rN]U\{e_Cleleq¥p\t¥_ªËkqs_^{e«»hMn|ru­N_Ll/_LwMy\'n|q¥rN\lL¬



ρ
(
∂u
∂t
+ u · ∇u
)
− η∆u + ∇p = 0
£±ru{
x ∈ ΩF (t),
q¥
u = 0
£±rN{
x ∈ ΩF (t).
¶ HC¸
ºY\_^{|_
u
qxl/neY_ª§\yqxu_Lt¥rm^q°njN¿
p
n|Y_®{e_Cleley{|_u¿
ρ
n|Y_ª§Wyqsm_^Wloq¥nj¦~\
η
neY\_®mjk\u]`qsªMqxl|rNleq¥nju¨
XZY\_Ícuy\
Ykjlone{|_Ll|ln|_^\leru{qxlm_Lr~n|_Lpkj
σ = −p I + 2η D(u),
ºY\_^{|_
I
qxln|Y_0qxm_LNn|q°njn|_^\leru{®~\
D(u)
qxln|Y_Ulone{
~qs¹{
'ne_
(∇u + ∇uT )/2
¨  _0_ Ê _
n
ul
n|Y_ªrNymnºZ~{
0\ru{|]`ut\rN
∂ΩF (t)
¨1³rN{_^Ámu]`t¥_ªº/_]¦ËjUq¥]`ArNle_n|Y_n|r~n|utAlone{|_Ll|l1~nneY\_ªqst¥_^n
Γin
Σ(t)
e
e
ey
z
x
C
Γin Γout
Γc
Wall Γ0
OutletInlet
n
Ω (t)+Ω (t)−
+n
n
_
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³	qsvuy{|_ZHu¬1hk­N_n|
Yr~£	neY\_vu_^rN]`_ne{|ju¨
u\neY_rNymnets_n
Γout
¬
{
σ · n(·, t) = −pin(·, t) n
ru
Γin × (0, T ),
σ · n = 0
ru
Γout × (0, T ),
ºY\_^{|_
pin
qxlZvNq¥N_^¦£±yW©neqsru¨1ut°n|_^{|\'n|q¥N_ª
YrNqs^_nerU{|_^{|_Lle_^Mn1n|Y_qs'}_C©neqsrur~£)§Wyqsº/rNytx
pA_ner¢q¥]`ArNle_Qu_^tsrmq¥nj½{er Ê ts_r'u_L{
Γin
ru{`¹§\yÁ ¶·le_^_ TE E F SJrN{ F UJ±¸©¨¡ru«ðletsq¥ pWrNy\u{ej
^ru\q°n|q¥rN\l~{|_¦q¥]`ArNle_L¢ru¢n|Y_¦ºcut¥t
Γ0
~W¢lejk]`]U_^ne{|jQpAruyW~{|jQrN\mq¥neqsru\lruÂneY_^_^Mne{
~t
~Ámqsl
Γc
¶·le_^_³	q¥vW¨ HL¸¨XZY_lojmlone_L]-qslªru]`ts_n|_Lºq¥neY¹loy\q°n
~pts_q¥q¥neqx~truWmq°n|q¥rN\lL¨
XZY_¦'ut¥N_
Σ(t)
qslNleley]`_LQner _ Ê _¦\~ney{
~tJW~{eneq¥neqsru¢r~£
ΩF (t)
qsNn|rnº/r¹leypAru]¦~qs\l
Ω−(t)
~\
Ω+(t)
¶·le_^_³	q¥vW¨ HL¸©¨/d
Σ(t)
¿\º/_m_ Ê _
n+
¶±{|_Lle¨
n−
¸cul/neY_rNymnevNruqsv"rN{e]¦utWrN
∂Ω+
¶±{|_Lle¨
∂Ω−
¸©¿\u\)¬
fΣ = −(σ
+ · n+ + σ− · n−),
¶;u¸
ê±ë	ìê å
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ºY\_^{|_
σ+(x)
¶±{|_Lle¨
σ−(x)
¸¿\£±rN{
x ∈ Σ(t)
¿WqslZn|Y_tsq¥]`q¥nªr~£
σ(x − εn+)
Nl
ε
vurk_Llcn|r
0+
¶±{|_Lle¨
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XZY\_"ln|{eyW©ney\{e_qxlªNleley]`_Ln|rpW_"]UrNrmmqs]U_L\leq¥rN\~tu\qs_Ákne_L\leq¥pts_u¨bðn
lªm_^£±ru{|]¦'neqsru_L_^{|vuj
qxlm_ Ê _Lpkj
W (x) =
1
2
∫ L
0
EI
∣
∣
∣
∣
∂2x
∂s2
∣
∣
∣
∣
2
ds,
¶;N¸
ºY\_^{|_
E
m_Lr~n|_Ll®neY\_1rNyv¹Ì¹rmmytsy\lL¿
I
neY\_¦q¥_L{on|qs\¿
x(s)
qsl®n|Y_¦ArNleq°n|q¥rNÂN_L©n|ru{r~£ZWrNq¥Mn
rNQn|Y_¦ln|{eyW©ney\{e_  l~ÁkqxlL¨UXZY_¦wMy\uNn|q°nj
EI
{e_L{e_Clo_LMn|lneY_`§W_Ámy{
~tJln|qNM>_ClelL¨¦XZY_¦lorNt¥ymn|q¥rNÂqxl
le_Lu{|
Y\_Lqs
K =
{
x ∈ (C1(0, L))2;
∂x
∂s
∈ (L2(0, L))2;
∣
∣
∣
∣
∂x
∂s
∣
∣
∣
∣
2
= 1;
x(0) = 0
~\ ∂x
∂s
(0) = 0
}
¶±ÑM¸
ºY\qs
YqxlJn|Y_le_ncr~£)n|Y_ut¥tsr'º/_C¦ln|{eyW©ney\{e_ª^ru Ê vuy{
'n|q¥rN\lneYW'ncl|'n|qslo£±j0neY_®pWrNy\u{ej`rN\mq¥neqsru\l
NlZº/_Lt¥tNlcneY_qs_^ÁMn|_^\leqspq¥tsq¥njrN\lone{
~qsNnC¨
XZYky\lL¿n|Y_"rN Ê vNy{|~neqsru\lZru£n|Y_qs]`]U_L{|le_L¹lone{|y\ney{|_~{|_vur'u_L{e\_LpMjneY_£±rutst¥r'ºqsv¦{|rupm«
ts_^]¬



³	q¥W
x(s, t) ∈ K
ley\
YneY\~n£±ru{~tst
t
∫ L
0
m
∂2x
∂t2
· ξds +
∫ L
0
EI
∂2x
∂s2
·
∂2ξ
∂s2
ds =
∫ L
0
f · ξds, ∀ξ ∈ K,
¶;Îu¸
ºY\_^{|_
m
m_Lr~n|_Ll1neY_tsqs_Lu{]¦ul|lJr~£)n|Y_ªlone{|y\©n|y{|_ª~\
f
neY__Ákne_L{e\utm£±ru{
_Cl^¨	b»`neY\_le_LwMy_^t9¿
fºqststnjkqx^ut¥tsjpA_n|Y_"Ykjmm{|rmmjk\~]`qx£±ru{
_
fΣ
¨ª_^N_^{eneY_Lt¥_ClelL¿\qsÂhk_C©neqsruQÑ\¨ m¿
f
ºq¥tst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~­N_
qsMner¦uLrNyMn^ruMn|N©nZ£±ru{
_Cl
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b» neY_Uru Ê vuy{
'n|q¥rN¹'nYW~\)¿WneY\_0lone{|y\©n|y{e_0pW_Lq¥\vqs]U]`_L{|le_L¹u\¹Y\Ëkqsv¦ru_Umqs]U_L\leq¥rN¹t¥_Clel
n|Y\~ neY_0§\yqx)¿>neY\_"§\y\qsk«»lone{|y\©n|y{e_0q¥Mn|_^{e£·u_UrNq¥\^qs_Llºq°n|Y neY\_Ulone{|y\©n|y{|_0mrN]`uq¥
Σ(t)
¨XZY_
§Wyqsm«ðlone{|y\©n|y{|_^ruy\t¥qsv`qslZ_Lm£±ru{
_Cn|Y{|ruyvNYNnZn|Y_£±rutst¥r'ºqsvU{e_Lts~neqsru\lL¬
∂x
∂t
(s, t) = u(x(s, t), t),
¶·M¸
f(s, t) = fΣ(x(s, t), t),
¶ðÏ~¸
fΣ
pA_^qsvm_ Ê _Cqs ¶;~¸¨
bðnºqst¥tpW_^ruku_Lq¥_LMn/n|rm_^rune_®neY\_ln|{ey\ney{|_u_Lt¥rmq¥njqs
x = x(s, t) ∈ Σ(t)
pkj
uΣ(x, t)
def
=
∂x
∂t
(s, t).
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z{erNpt¥_L]*¶ HË¸cqslqsl|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n|q$_L_Lq¥neqs]`_pkj`lo_L]`q°«ðq¥]`tsqxq¥n1yts_^{l|
Y_^]`_u¬



ρ
un+1 − un
δt
+ ρun · ∇un+1 + ∇pn+1 −
mq¥
(2ηD(un+1)) = 0,mqs
un+1 = 0.
¶N¸
³\ru{n|Y_¦neqs]`_¦pW_Lq¥\v\¿neY_lone{|y\©n|y{|_¦WrMloq¥neqsru ~WÂN_^tsrmq¥njQ~{|_¦ul|loy]`_CQn|r¹pW_¦­kr'º½'nn|q¥]`_
tn+1
¬Jq¥n|l^ru Ê vNy{
'neqsruqslm_Lr~n|_Lpkj
Σn+1
¿W~\q°n
lu_Lt¥rmq¥nj¦pkj
un+1Σn+1
¨1XrUvuqsu_U'~{|qs~neqsru\ut
£±rN{e]0ytx'neqsrur~£¶M¸©¿ºc_q¥Mn|{ermmy\^_®neY_£±rNt¥tsr'ºq¥\v0£±y\\©n|q¥rN\~tle\u^_LlL¬
X = {v ∈ (H1(Ω))2, v = 0
ru
Γ0, v · n = 0
rN
Γc},
V = {v ∈ X,
X{
Σn+1(v) = 0,
q¥
v = 0},
V (uΣn+1) = {v ∈ X,
X{
Σn+1(v) = uΣn+1 ,
mqs
v = 0},
ºY\_^{|_X{
Σn+1 : (H
1(Ω))2 −→ (H1/2(Σn+1))2
_^rune_Llcn|Y_ne{
u^_ruA_^{
'nerN{Zru
Σn+1
¨
 Ê {
lonËu{eqx'n|q¥rN\~tA£±rN{e]0yts~neqsrur~£	neY_§\y\qs{|rupts_^] qslL¬ Ê \
un+1 ∈ V (un+1Σn+1)
ley\
YneY\~nL¿
£±rN{~tst
v ∈ V
¿
∫
Ω
ρ
un+1 − un
δt
· v +
∫
Ω
ρ un · ∇un+1 · v +
∫
Ω
2η D(un+1) : D(v) = −
∫
Γin
pin n · v.
¶SN¸
³\{erN]n|Y_mqsl|{|_n|q$_C'n|q¥rN¦Mqs_^ºAruqsMnL¿kq¥n/qxl]0y\
Y]`ru{|_ªrNku_^\q¥_LNnner"ºcru{|­Uºq°n|YloWu_
X
¨XZYMyWl^¿
£±rNt¥tsr'ºqsv FIH3H!J9¿ºc_q¥Mn|{ermmy\^_®neY_¯~vu{
~\vu_ª]0yt¥neqst¥qs_^{lo\N_Cl
M = L2(Ω),
Ln+1 = (H−1/2(Σn+1))2,
^ru{|{e_CloAruWmq¥\vnern|Y_Unº/r¹^ru\lone{
~qsMn|l®ºYqx
Y¢m_ Ê _`n|Y_loWu_
V (un+1Σn+1)
¨  _`neY_L ruWloqxm_^{
n|Y_£±rNt¥tsr'ºqsv¦'~{|qs~neqsru\ut)£±ru{|]"ytx'n|q¥rN¬ Ê \
(un+1, pn+1, λn+1) ∈ X × M × Ln+1
loyW
Y¹neY\~nL¿
£±rN{~tst
(v, q, µ) ∈ X × M ×Ln+1
¿
∫
Ω
ρ
un+1 − un
δt
· v +
∫
Ω
ρ un · ∇un+1 · v +
∫
Ω
2η D(un+1) : D(v)
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∫
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∫
Γin
pin n · v,
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∑
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∫ L
0
m
2xn − 5xn−1 + 4xn−2 − xn−3
δt2
· ξds +
∫ L
0
EI
∂2xn
∂s2
·
∂2ξ
∂s2
ds =
∫ L
0
fn · ξds
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J(x) =
1
δt2
∫ L
0
m |x|2 ds +
1
2
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0
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∣
∣
∣
∣
∂2x
∂s2
∣
∣
∣
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ds −
∫ L
0
fn · xds
−
1
δt2
∫ L
0
m(−5xn−1 + 4xn−2 − xn−3) · xds.
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q =
∂x
∂s
, q ∈ (L2(0, L))2, |q|2 = 1.
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L (x,q, λ) = J(x) +
∫ L
0
λ
(
∂x
∂s
− q
)
ds +
r
2
∫ L
0
∣
∣
∣
∣
∂x
∂s
− q
∣
∣
∣
∣
2
ds.
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n
p + r
(
∂xnp
∂s
− qnp
)
,
¶ HTSN¸
,A1!0
r
 %X ZP10Q!2!#E   %  	 &01)! !%R,A[#
p → ∞
2V[ %# 3$	IP1	1
(xn,qn, λn)
 ,A&DQ1% 	1
(xn,qn)
'	 	'L!%
L (x,q, λn)

λn
Z 3	L%
L (xn,qn, λ)
E
!03#   Q	1 %#N](
'! P  !$#  #
1
 ,  %#+)U
∂L
∂q
(xnp−1,q, λ
n
p ) = 0,
ê±ë	ìê å
 	
 	 !"#$%&'	(	*)+)!%-,.	/&0123&# S
 &!	X	1
J(x)
!	X	  P1! 3#1  
q
\	( % %!+](K %?#2	  C	1	!	  3&
P1	 
s

−(r
∂xnp−1
∂s
+ λnp ) · q
)U# [&!	 &#$
|q| = 1
E    %Y3	)%
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p
|r
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∫ L
0
EI
∂2xnp
∂s2
·
∂2ξ
∂s2
ds + r
∫ L
0
∂xnp
∂s
·
∂ξ
∂s
ds +
2
δt2
∫ L
0
m xnp · ξ ds =
∫ L
0
fn · ξ ds +
1
δt2
∫ L
0
m(5xn−1 − 4xn−2 + xn−3) · ξds +
∫ L
0
(rqnp − λ
n
p ) ·
∂ξ
∂s
ds ∀ξ ∈ K.
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Zh = {vh ∈ C
1([0, L]) : vh|[si,si+1] ∈ P3 , 1 ≤ i ≤ NΣ − 1},
R	1 %##  '	$, 0  %
P $3&#Z#1
%
Kh = {xh ∈ (Zh)
2 :
∂xh
∂s
= qh , |qh|
2 = 1 , xh(0) = 0,
∂xh
∂s
(0) = 0}.
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G(µ) = inf
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J(X) +
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∑
i=1
µiϕ(xi)
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X = (x1, . . . , xNΣ) ∈ R
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µi ≥ 0, i = 1, . . . , NΣ.
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(J ′(Xµk), ξ) = −
NΣ
∑
i=1
µki ξ · nw
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µk+1i = (µ
k
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(∇G(µ))i = ϕ(xµk,i).
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n=1
Initial guess
Fluid Resolution
Hydrodynamic
Force
Structure Resolution
Contact Force
NO
Aitken Acceleration
Test Convergence
n=n+1
Contact constraint
satisfied
with force
YES
f
u0
uΣk
uk+1, λk+1
f = fΣ
f = fΣ + f c
uΣk+1 f c
fΣ
|uΣk+1
«
uΣk | > ε
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pin(t) =



A
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0.0125 ≤ t ≤ 0.3875,
−A
 
0.4125 ≤ t ≤ 0.7875,(G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t ∈ [0, 0.0125]
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[0.3875, 0.4125]
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[0.7875, 0.8].
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ρ = 1.0 g cm−3

η =
0.1 poise
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EI = 0.7×10−2 g cm3 s−2
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m = 2.5 g
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A = 40 g cm−1 s−2
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